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Abstract
Interior structures of stellar objects might have small pressure anisotropy due to several reasons, includ-
ing rotation and the presence of magnetic fields. Here, retaining the approximation of spherical symmetry,
we study the possible role of small anisotropy in stellar interiors in theories of modified gravity, that are
known to alter the hydrostatic equilibrium condition inside stars. We show how anisotropy may put lower
and upper bounds on the modified gravity parameter depending on the polytropic equation of state, and
determine them numerically. We also study the mass of stellar objects in these theories, assuming such
equations of state, and find that the Chandrasekhar mass limit in white dwarf stars gets substantially mod-
ified compared to the isotropic case, even without assuming the presence of extreme magnetic fields. Effects
of small pressure anisotropy on the Hydrogen burning limit in low mass stars are also briefly commented
upon. It is shown that here the isotropic case can predict a theoretical lower bound on the scalar tensor
parameter, in addition to a known upper bound.
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1 Introduction
Einstein’s general theory of relativity (GR) is one of the most successful theories of gravity till date, and its
low energy Newtonian limit is extensively used in the study of stellar structure and dynamics. Over the last
decades, it has been realised however that explaining issues relating to dark energy and dark matter possibly
require extending GR beyond the conventional starting point, i.e. the Einstein-Hilbert action. Indeed, the
observed cosmic accelaration might indicate a shortcoming of GR, and point towards the necessity of such
modified theories of gravity. Several such theories are popular in the literature, one of the most important
ones being scalar-tensor (ST) theories of gravity, that arise by incorporating scalar fields in the Einstein-
Hilbert action. In such theories, Newton’s “constant” is no longer a constant, but a function of scalar fields
appearing in the theory. In these situations, the corresponding Newtonian limit of GR also gets modified,
and its applications to stellar dynamics need to be carefully analysed, as these put observational bounds on
the parameters of ST theories. Such studies have been initiated in the literature fairly recently.
Now, it is well known that stellar objects may not be isotropic – a subject that has been discussed
over decades. Anisotropy is a possible outcome in GR, the most famous example being the Einstein cluster
geometries that are sustained purely by tangential stresses. In the Newtonian context, anisotropy in stellar
structures might exist due to several reasons, including rotation and the presence of magnetic fields in the
stellar interior, which might tend to oblate (or prolate) the stellar structure. Observations indicate that such
distortations might be small, but nonetheless they form an integral part of the study of stellar dynamics. An
important and interesting question in this context is then the role of (small) anisotropy in modified theories
of gravity in the Newtonian limit.
The purpose of this paper is to revisit the problem of the modification of gravity inside stellar objects, via
a model that includes small pressure anistropy in stellar matter. In the absence of a precise parametrization of
such effects in stellar interiors, considering a fully general situation might be complicated. Useful information
can nevertheless be gleaned in simplified scenarios, by considering simple but physically motivated models of
such anisotropy and treating them in conjuction with small parameters in the theory. This is what we do
in this paper. In particular, we will retain the assumption of spherical symmetry and then use the modified
hydrostatic equilibrium condition along with small anisotropy to models of stellar interiors via appropriate
equations of state.
This is done here for three different equations of state corresponding to a) degenerate non-relativistic
electrons as appropriate for the stellar core of brown and M-dwarf stars, b) degenerate relativisitic electrons
that naturally appear in white dwarf scenarios allowing for moderately strong magnetic fields and c) degenerate
relativistic electrons in large magnetic fields corresponding to strongly magnetized white dwarfs that has been
of interest of late. We first study the problem in general, and show how the natural lower cut-off for the ST
parameter reported earlier in the literature is modified in the presence of anisotropy. Next, we solve the Lane-
Emden equations numerically for different equations of state and show that there is also an upper bound for
that parameter for equations of state relevant to white dwarf stars. Then, within the small anisotropy regime,
we compute stellar masses using appropriate polytropic equations of state. It is shown that Chandrasekhar
limit gets substantially modified in ST theories, in conjunction with anisotropy, without extreme magnetic
fields. Finally, we make a few comments on the hydrogen burning mass limit in low mass stars in these
theories, and show that it gives a theoretical lower bound on the ST parameter in the isotropic case.
1
2 Scalar Tensor Theories and Anisotropy in Stellar Mass Objects
We first review some known facts about ST theories. One of the main consequences of such theories is the
modification of gravitational forces inside stellar objects, that is reflected in a change in the hydrostatic
equilibrium condition. In the Newtonian limit, with P being the pressure, ρ the density, M the mass up to
radius r and G the Newton’s constant, this is given as
dP
dr
= −GMρ
r2
−Υ
(
Gρ
4
)
d2M
dr2
. (1)
Here, Υ is a dimensionless parameter that arises from the particular ST theory being considered, and is
indicative of the deviation from GR, with Υ = 0 denoting the Newtonian limit of conventional GR. Υ is
related to the parameters that appear in an effective field theory of dark energy (see [1] for details). A
possible measure or a constraint on Υ from observed data can thus give significant information on the nature
of ST theories that are admissible in nature. For example, near the center of a star, if we approximate
M(r) ∼ 4piρcr3/3 with ρc being the central density, then with d2M/dr2 ∼ 6M/r2, then we get
dP
dr
= −Mρc
r2
G
(
1 +
3Υ
2
)
. (2)
Therefore, in order to retain the equilibrium conditions, we should have Υ > −2/3 [2]. On the other hand,
if we consider a typical low mass star, and assume that the surface gravity (GM/r2) is constant to a good
approximation, then, close to the stellar radius we obtain d2M/dr2 ∼ 2M/r2. From eq.(1), one now obtains
a weaker constrain Υ > −2.
In any case, assuming that the parameter Υ is a constant throughout a stellar object, it is seen that its
effect is to redefine the Newton’s constant [1]. Note that from eq.(2), one can define a modified (renormalised)
Newton’s constant G˜ = G(1 + 3Υ/2), which implies that G decreases with increasing Υ, for a given G˜.
However, in general, using dM/dr = 4pir2ρ and writing eq.(1) as
dP
dr
= −GMρ
r2
− piΥGρr
(
2ρ+ r
dρ
dr
)
, (3)
we see that the sign of the second term in eq.(3) will depend on the interplay between the two terms within
the bracket there. When dρ/dr is large and negative (away from the core), the second term might overtake
the first, and make the term involving Υ positive overall. This has also been noted in [2], and will depend on
the equation of state, as we will see.
Recent work on the allowed values of Υ has been reported by Sakstein in [3], which considered the
modification of Newtonian gravity inside low mass (brown dwarf) stars which are at the threshold of hydrogen
burning in the core. Using the modified hydrostatic equilibrium condition of eq.(1), Sakstein obtained an
expression for the minimum mass for hydrogen burning (MMHB) inside such stars, using the Lane-Emden
equation. The end result for MMHB is then a function of Υ, and appealing to known facts on MMHBs, Sakstein
was able to put a bound on this parameter, which ruled out several classes of ST theories. Specifically, the
bound reads Υ ≤ 1.6. Later, Jain et. al. [4] carried out an analysis of ST theories in white dwarf stars, and
came up with the more stringent bound −0.18 < Υ < 0.27.
We note here that the result of [4] is based on the mass-radius relations for white dwarf stars catalogued
in [5]. On the other hand, [6] reported observations of supernovae of high luminosities, which are indicative
of super-Chandrasekhar white dwarf stars of masses above 2M, significantly higher than the Chandrasekhar
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limit of ∼ 1.44M. Such high mass progenitors are thought to have strong magnetic fields in their interiors,
and in part motivate the study of anisotropy.
Indeed, if in eq.(1), one allows for an additional pressure anisotropy term on the right hand side with
the assumption that spherical symmetry is still maintained, the situation might change qualitatively. Such
situations, which arise when the radial and tangential pressures are not equal inside a non-rotating stellar
body, are well known in GR [7]. It is also well known that these can arise out of gravitational collapse
scenarios. In a Newtonain formalism in the presence of anisotropy in a spherically symmetric situation, where
Pr 6= Pθ = Pφ, eq.(1) is modified to a more general form including an anisotropy term ∆(r) [8]
dPr
dr
= −GMρ
r2
−Υ
(
Gρ
4
)
d2M
dr2
+ ∆(r) , ∆(r) =
2
r
(P⊥ − Pr) . (4)
where we have denoted the tangential pressure as P⊥. In terms of Cartesian coordinates, this implies that
at each point inside the stellar object, we rotate the axes, such that the pressures along two of the Cartesian
directions are the same, and that these are not equal to the pressure in the third direction.
As mentioned before, anisotropy can occur in stellar objects due to several reasons. Let us briefly recall
some of them, following [9]. For the situations that we will be interested in this paper, the important ones
include : 1) the stellar fluid being made up of two (or more) isotropic fluids whose mixture might nonetheless
be anisotropic. Such two-fluid models have been extensively investigated in astrophysics and cosmology, since
the early works of [10] and [11]. 2) The stellar object might have (slow) rotation. Rotating polytropes have
been studied since the works of [12] (see [13] for a detailed account). Rotation induces anisotropy via a
centrifugal force that is proportional to the radial distance r, and is formally identical to P⊥ − Pr ∝ r2. 3)
The presence of a magnetic field inside the star. This issue has been intensely debated over the last few years,
after the observation of super-Chandrasekhar progenitor white dwarfs, in the mass range of 2.1 − 2.8 M,
see [6], [14] and references therein.
We recall that [15] proposed a strongly magnetized white dwarf scenario with central magnetic fields
∼ 1016 G as a possible candidate for such stars (for criticisms of their model, including possible stability
issues, see [16]). We also point out that on the other hand, a theoretical bound on the magnetic field inside
low mass stars (for mass M ∼ 0.3M) reads Bmax ∼ 106 G [17]. Very recently, evidence for magnetic activity
(magnetic fields ∼ 103− 104 G at the surface) in low density brown dwarfs has been reported as well. in [18].
These points (1) – (3) above constitute the motivation for studying anisotropy in stellar objects in this work.
Anisotropic effects inside stellar matter due to constant magnetic fields is an extremely well studied subject,
starting from a series of papers by Canuto and Chiu [19], [20], [21]. While this was done in the framework of
second quantization, Ferrer et. al. [22] performed the analysis in the language of quantum mechanics which
makes the results somewhat more transparent. Let us briefly recall their results which will be important for
us. The authors of [19] worked out the general theory of an electron gas by solving the Dirac equation in
a strong magnetic field and obtained the equation of state, and further showed that the energy-momentum
tensor is anisotropic. The Dirac equation has to be used, in contrast to the Schrodinger equation with a
spin-magnetic field coupling introduced by hand, when the cyclotron frequency becomes comparable to to
the rest energy of the electron, i.e e~Bc/mec ∼ mec2, with B being the applied magnetic field and me is the
electron mass. This relation implies that Bc ' 4× 1013 G. In terms of this critical magnetic field, [19] showed
that for both relativistic and non-relativistic electrons, in the degenerate limit, quantum effects set in when(
ρ
µe × 107 gm cm−3
)
≤ 2 B
Bc
. (5)
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For brown dwarf stars, taking typical core densities as ρc ∼ 102 gm cm−3, one obtains B ∼ 109 − 1010 G for
quantum effects to set in. This is of course way beyond the surface magnetic fields reported till now. On the
other hand, for white dwarf stars, quantum effects become prominet for B ∼ 1013− 1014 G, as is obtained by
typical estimates of ρc ∼ 108 gm cm−3.
On the other hand, thermodymaics of degenerate electron gases in the presence of high magnetic fields
typical to white dwarf stars was performed in [20], where it was shown that under sufficiently strong magnetic
fields, when only the first Landau level is occupied, the pressures tangential to the magnetic field direction
might vanish. although it was argued that in general, effects of temperature might prevent a possible collapse
due to this condition. The analysis of [22] on the other hand shows that
P⊥ − P‖ = −BM+
B2
4pi
, (6)
where P‖ is the pressure along the direction of the magnetic field, P⊥ is the pressure in the other directions,
B is the applied field andM is the magnetization of matter, that can be computed from the thermodynamic
potential (grand partition function). In this context, [21] computed the magnetic moment of magnetised Fermi
gases and found that for a given magnetic field B, the maximum value Mmax of the magnetization satisfies
Mmax ∼ 10−3B =⇒ (BM)max ∼ 10−3B2 . (7)
The term involving magnetization is in any case small (and known to be oscillatory) and will be subdominant.
We therefore have that in case of constant classical magnetic fields, one can have a pressure anisotropy of
B2/(4pi).
Of course, the analysis of Canuto and Chiu as well as Ferrer et. al. were for constant magnetic fields
which break spherical symmetry, and should be incorporated in stellar dynamics in terms of cylindrical (or
more appropriately oblate-spheroidal) coordinates. Such a route might be substantially more complicated
than a simple minded one in which one retains spherical symmetry as an approximation and models the effect
of anisotropy coming from all possible sources listed before, by an inherent pressure asymmetry of the form
given in eq.(4), while being mindful of the estimates of anisotropy as follows from our discussion above. It is
this approach that we will follow.
In order to proceed, one has to choose a specific form for ∆(r). Two of the popular models considered
in the literature are due to Heintzmann and Hillebrandt [23] who model the anisotropy as P⊥ − Pr ∝ Pr(r)
and Herrera and Santos [24], [9] who use a polynomial of the form P⊥ − Pr ∝ rn. The latter model has been
studied extensively (for a recent work see [25]). In this model, in order for the anisotropy to vanish at the
origin which is known to be a requirement in theories with non-vanishing core density and pressure [26], we
require n > 1, in which case the anisotropy increases as a power law of r as one moves away from the center.
This is thus more suited to modelling rotational effects only.
On the other hand, the model of Heintzmann and Hillebrandt offers a couple of advantages. First, we
can control the dimensionless β(r) to define the anisotropy. Second, with β(r) being zero at the core, the
anisotropy rises with r, but tapers off to zero at the surface of the star where the radial pressure is zero. If
we think of the anisotropy in our modified gravity models as originating at least partly from the magnetic
field, this is a better model – indeed the magnetic fields at the surface of stars are believed to be orders of
magnitude lower than those at the core, so we can effectively treat it as small compared to the anisotropy
near the core. Thus, within the approximation of spherical symmetry, we consider a model in which the net
anisotropy (due to a possible combination of all reasons mentioned before) is proportional to the local radial
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pressure, and differs from the core pressure Pc by a small amount, i.e we will restrict ourselves to situations
where P⊥ − Pr  Pc. This is then our working model, following [23].
3 Anisotropy Effects in Scalar-Tensor Theories
We will henceforth adopt, as a simple model, P⊥ − Pr = β(r)Pr, where β is a dimensionless measure of the
strength of the anisotropy, and we allow the freedom of β being a function of the radial distance, this being a
non-trivial modification of the form of anisotropy originally used by [23] and will be crucial for us, as we will
see. Physicality of the situation, i.e the derivative of Pr vanishes in the limit r → 0, demands that in this limit,
(P⊥ − Pr)/r → 0, which in turn implies that β(r)Pr → 0 at the center faster than r. That this must be the
case was recognized in the analysis of [26]. For a reasonable polytropic equation of state, this should also hold
true for the density near the center, and we will thus assume that the derivative of the density also vanishes
in the same limit. Expanded around the center, the r-dependence of the radial pressure and density profiles
are thus of O(r2) and higher. We will also assume a polytropic equation of state for the matter inside [27],
given as
Pr = Kρ
Γ , Γ =
n+ 1
n
. (8)
The polytropic index Γ will be left general as of now, and we will comment about it in a while. As is standard,
we multiply eq.(4) by r2/ρ, and use dM/dr = 4pir2ρ, to obtain
d
dr
(
r2
ρ
dPr
dr
)
+ 4piGr2
(
ρ+
3Υ
2
ρ+
3Υ
2
r
dρ
dr
+
Υ
4
r2
d2ρ
dr2
)
− d
dr
(
2r
ρ
β(r)Pr
)
= 0 . (9)
We will treat Υ to be a constant. Next, we Taylor expand Pr, ρ, β in terms of the variable r/rc, with rc being
a typical length scale, near r = 0 and equate terms of similar powers in r. We thus write
ρ = ρc +
1
2
ρ2
(
r
rc
)2
+ · · · , Pr = KρΓ , β(r) = βc + β1
(
r
rc
)
+
1
2
β2
(
r
rc
)2
+ · · · , (10)
wherePc, ρc and βc are central values of the pressure, density and anisotropy, with Pc and ρc being related
by the equation of state, and we have not made any assumption on the derivative of β(r) near the core. In
hindsight, we now make a specific choice of the length scale,
r2c =
(n+ 1)Pc
4piGρ2c
≡ K(n+ 1)ρ
Γ−2
c
4piG
. (11)
With the above ingredients, it can be seen that the O(r0) term gives
Kβ0ρ
Γ−1
c = 0 . (12)
Since the central density ρc 6= 0, this implies that the anisotropy at the center should vanish, i.e β0 = 0 [26].
Next, the O(r) term is easily shown to imply that (with ρc 6= 0), β1 = 0. With this input, the O(r2) term
then gives
2piGr2c (2 + 3Υ) ρ
3
c − 3KρΓc (2β2ρc − Γρ2) = 0 → β2 =
n+ 1
6
(2 + 3Υ) + Γ
ρ2
ρc
. (13)
With ρc being the central radial pressure we must have ρ2 < 0, as the density should decrease away from the
core. When β = 0, this implies that Υ > −2/3 [2]. Moreover, when Υ = 0 but we have non-zero anisotropy,
5
this means that β2 is bounded, i.e β2 <
n+1
3 . Modified gravity however changes the scenario. Here, we find
the constraint
Υ > −2
3
+
2β2
n+ 1
. (14)
We note that other models for β(r) can also be considered. For example, one can consider models of
anisotropy for which β(r) = βˆr2(rc − r)2/r4c . In the first case, the pressure anisotropy (P⊥ − Pr)/r (≡
β(r)P (r)/r) starts from zero, reaches a maximum inside the stellar body and then tapers off to zero, since the
pressure reduces as one approaches the surface of the star and vanishes at the surface. In the second model,
the pressure anisotropy vanishes at r = rc, then increases and vanishes again at the surface of the star. This
is a more exotic model, and since the physical situation in which this can be justified is not quite clear, we
will not analyse this further.
Also, as a curiosity, we note that it is possible in this scenario to sustain gravitational stability entirely by
anisotropic forces. This is theoretically possible if the first two terms on the right hand side of eq.(4) combine
to zero, i.e the mass satisfies the Euler’s equation Υd2M/dr2 = −4M/r2. In this case, as r → 0, one can use
Υ = −2/3 and then integrate the pressure equation directly to obtain P = Pc exp(ar2/r2c ) with a = Γρ2/(2ρc)
being negative, and further obtain the density from the equation of state.
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Figure 1: |dPr/dr| (solid lines) and δ magnified
by 10 (dashed lines) for Υ = 0.1,Γ = 2.
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Figure 2: |dPr/dr| (solid lines) and δ magnified
by 10 (dashed lines) for Υ = 0.1,Γ = 5/3.
To connect the above discussion with relevant stellar physics, we will now set up the dimensionless Lane-
Emden equation for our system. This is straightforward using eq.(4), once we assume a polytropic equation
of state (eq.(8)) and introduce dimensionless variables ξ and θ, such that
ρ = ρcθ
n , r = ξrc , Pr = Kρ
Γ
c θ
n+1 , (15)
with rc given by eq.(11). Then, the Lane-Emden equation takes the form
1
ξ2
d
dξ
[
ξ2
dθ
dξ
− 2
n+ 1
τξ3θ +
Υ
4
(
2ξ3θn + nξ4θn−1
dθ
dξ
)]
+ θn = 0 , (16)
where we have defined the dimensionless paramter τ = (1/2)β2. This equation has to be solved numerically
along with the boundary conditions θ(0) = 1 and θ′(0) = 0.
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Note that from the discussion above, it follows that in our choice of anisotropy,
P⊥ − Pr
Pc
= τξ2
Pr
Pc
. (17)
Near the core with small ξ, the right hand side of eq.(17) is small. As ξ increases, the pressure decreases
away from the core, and when ξ reaches its boundary (largest) value, the pressure has almost dropped to
zero so that this quantity is again small. In order to make the pressure anisotropy small throughout, we will
henceforth choose |τ | . 10−2, so that the condition of small anisotropy (P⊥ − Pr)/Pc  1 is always satisfied.
In figures (1) and (2), we have plotted P ′ = |dPr/dr| in units of KρΓc /rc (solid lines) and the anisotropy
δ(r) = (P⊥ − Pr)/Pc (dashed lines) with Υ = 0.1 in both cases and Γ = 2 and 5/3, respectively. These
quantities have been plotted as a function of the variable ξ, and δ has been multiplied by a factor of 10 to
offer better visibility. In both figures, the red line correspond to τ = −0.01 and the blue ones to τ = 0.01,
respectively. We see that the anisotropy peaks close to the maximum of the pressure gradient. Numerically,
the maximum value of δ is seen to be ' 0.05 for Γ = 2, and ' 0.04 for Γ = 5/3. We thus see that the
anisotropy is indeed small, as discussed after eq.(17). We have checked that for other values of Υ also, similar
estimates are obtained.
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Figure 3: ρ¯ = ρ/ρc vs ξ plots for Γ = 4/3 and
Υ = 1.
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Figure 4: ρ¯ = ρ/ρc vs ξ plots for Γ = 5/3 and
Υ = 1.
Next, we show the results for the density for different values of Υ and τ . In fig.(3), we show ρ¯ = ρ/ρc as
a function of ξ for Υ = 1 and for different values of τ for Γ = 3. A similar plot is shown in fig.(4) where we
have taken Γ = 3/2. The above plots illustrate what we have said before – with rdρ/dr = ξdρ/dξ behaving
differently for different equations of state, the second term on the right hand side of eq.(3) might change sign
depending on the precise solution of the Lane-Emden equation.
Now we establish that solutions of the Lane-Emden equations imply an upper bound on Υ as a function
of the anisotropy parameter. This is due to the following reason. From numerical analysis of eq.(16), we find
that for a given value of τ , θ(ξ) has a turning point beyond some particular value of Υ, at a radial distance
less than the radius of the star. This would imply, given the definitions of ρ and P , that the density has a
turning point (it actually has a second turning point and goes to zero at the boundary beyond that). On
physical grounds, these cases have to be ruled out, as for any sensible density profile, the density should
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decrease continuously from the core up to the surface of the star, without any pressure belts. We now give an
explanation for this. From eq.(4), a turning point in the pressure (equivalently the denity via the polytropic
equation of state) is generically given by
− GMρ
r2
− 2pirGΥρ2 + ∆(r) = 0 , (18)
where we have used the definition of the density, and also set dρ/dr = 0. Using ∆ = 2β(r)Pr/r, eq.(15), and
the definition of rc given in eq.(11), it can be checked that the existence of a turning point implies that
Υ . −2
3
+
4τ
n+ 1
θ1−nT , (19)
where θT is the value of θ at the turning point. With θT = 1 (which is the boundary condition at the origin),
we recover back eq.(14) which was derived close to the center, in order to avoid any point of inflection near
the center. Note that eq.(14) was derived assuming that the density decreases close to the origin. Here, on
the other hand, the density should increase if there is a local minimum, and this puts an upper bound on Υ.
We see that for τ ≤ 0, eq.(19) clearly contradicts eq.(14), so that there are no turning points of θ inside the
stellar surface.
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Figure 5: θ vs ξ plots for Γ = 4/3 and τ = 0.01.
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Figure 6: Υmax vs τ plots for Γ = 4/3.
For positive values of τ , the situation becomes more interesting. Results of our numerical analysis for the
Lane-Emden equation in this case are presented in fig.(5). Here, we have taken Γ = 4/3, τ = 0.01, and plotted
θ as a function of ξ for various values of Υ. We see that beyond Υ ∼ 1.75, the θ profile develops a turning
point inside the stellar radius. This means that the density and the pressure will also develop such a turning
point, and so (τ = 0.01,Υ & 1.75) has to be ruled out. We carried out this analysis for several values of τ ,
and the results are depicted in fig.(6), where we have plotted the maximum value of Υ, admissible for a given
value of τ . It might seem that sufficiently large positive values of τ would nullify the ST theory parameter,
but such high anisotropy might be difficult to explain within the spherically symmetric approximation that
we are using.
One might wonder if similar turning points exist inside the stellar radius for other polytropic equations
of state. That this is not the case can be easily seen for n = 1 (Γ = 2), where the condition in eq.(19)
becomes independent of θT , which imples that there will be no turning point of θ inside the stellar surface,
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given eq.(14). For n = 3/2 (Γ = 5/3), our numerical analysis indicates that although theoretically possible,
such turning points inside the stellar radius exist only for values of Υ and τ which make the stellar radius
unrealistically large, and must therefore be excluded from the analysis.
4 Anisotropy Effects on Stellar Mass
We will now briefly analyse the variation of the mass of stellar objects as a function of the ST parameter Υ
and the anisotropy parameter τ , using the mathematical formalism discussed in the previous section. We will
restrict ourselves to white and brown dwarfs in this analysis. Note that the LEE determines the mass of the
stellar object via
M = 4pi
∫ R
0
ρ(r)r2dr = −4pir3cρcξ2Rθ′(ξR) (for n 6= 1), = −4pir3cρcξ2R
(
1 + Υξ2R
)
θ′(ξR) (for n = 1) , (20)
where the radius of the star is related to ξR by R = rcξR. We will focus on the dimensionless quantity
M/MCh where MCh is the Chandrasekhar mass defined by the expressions in eq.(20) with Υ = τ = 0. We
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Figure 7: M/MCh vs Υ for Γ = 5/3
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Figure 8: M/MCh vs Υ for Γ = 4/3
compute this quantity for three cases, Γ = 5/3, 4/3 and 2. In the next three graphs, for ready comparison
with existing literature, we indicate the current bounds on Υ. The extreme left limit is indicative of the lower
bound Υ = −2/3, obtained in [2]. The extreme right limit is Υ = 1.6 that arises from the analysis of [3]. The
vertical lines are the bounds proposed in [4].
First, we consider n = 3/2 in eq.(8), i.e Γ = 5/3. This is the typical polytropic index for low mass stars
such as brown dwarfs, with non-relativisitic degenerate electrons. In this case, we have plotted in fig.(7), the
variation of M/MCh as a function of Υ for various values of the anisotropy parameter. The red, black and
blue lines here correspond to τ = −0.01, 0 and 0.01, respectively (the τ = 0 case has been considered in [2]).
In this case, as Υ is increased from −2/3, we see that the mass ratio decreases up to a minimum value that
is obtained for a positive value of Υ, and then starts to rise with further increase in the ST theory paramter.
Next, in fig.(8), we show a similar plot for n = 3, i.e Γ = 4/3. This corresponds to the equation of state
considered by Chandrasekhar, for relativistic degenerate electrons without a magnetic field, in white dwarf
stars. As emphasized before,what we are assuming here is that this equation of state is still valid even in
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the presence of magnetic fields that are below the critical value so that one does not have to invoke Landau
quantization.
If we assume that the magnetic field at the core is high, i.e B & 1013 G, then it is possible to show that
the polytropic equation of state changes to n = 1, i.e Γ = 2 [20] and that one obtains much higher estimates
for the Chandrasekhar mass limit [15]. In fig.(8), on the other hand, we have used the relativistic equation
of state without invoking Dirac quantization, and find that without the assumption of high magnetic fields
in the core, the ST theory paramter in conjunction with a small assumed anisotropy can also push up the
Chandrasekhar limit. For example, with Υ = 1.6 (which was the upper bound on Υ proposed in [3]) and
τ = 0.01, we obtain the mass of the white dwarf as ∼ 2.6M, where we have used MCh = 1.44M. Note that
for τ = 0, Υ = 1.6 alone pushes up the stellar mass to about 2.1M.
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Figure 9: M/MCh vs Υ for Γ = 2
Next, in fig.(9), we plot the same ratio with Γ = 2, while making the assumption that the magnetic
field does not affect the density and pressures appreciably. To make the assumption more precise, we recall
that [29] (see also [30] and references therein) in the presence of a magnetic field ~B, the pressure balance
equation changes due to the Lorentz force given by (~∇× ~B)× ~B/(4pi), and reads
~∇P = ρ~g − ~∇
(
B2
8pi
)
+
1
4pi
(
~B.~∇
)
. ~B + · · · , (21)
with ~g being the gravitational force per unit mass, and the “· · · ” refer to corrections from ST theories and
anisotropy. In situations where ~∇ × ~B = 0 as happens for an axial magnetic dipole, the magnetic field
terms do not contribute to the force equation (although pressure anisotropy still remains) and one can use
spherical coordinates to write the hydrostatic equilibrium condition in eq.(4). In general of course there will
be deviations from this behaviour, and one will need to add higher magnetic moments, as discussed earlier.
What we are assuming here is that in the latter case also, one can approximately use eq.(4).
Our numerical analysis indicates that in this case, increasing the parameter Υ and τ pulls down the
Chandrasekhar mass limit. That this should be the case is clear from the second relation in eq.(20), from
where it can be seen that increase in Υ decreases the mass M and hence the mass ratio M/MCh. Note that
in this case the equation of state implies that the magnetic field at the core is at a value greater than the
critical value of 4× 1013 G, so that quantum effects become prominent, and that only the first Landau level
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is filled. Also, in this case, the Chandrasekhar mass limit is obtained by setting Υ = τ = 0 and equals
MCh = 2.58M [15], [20].
5 M-dwarf Scenarios
Finally, we will make a few brief comments on anisotropy in M-dwarf scenarios. Here, in the absence of
anisotropy, [3] solved the Lane-Emden equation (eq.(16)) under some reasonable approximations. This was
then used to compute the luminosity of Hydrogen burning at the core in low mass stars. On the other hand,
the luminosity of the photosphere was calculated, which also included modified gravity effects, via the second
term in eq.(1). These two were then equated to relate the minimum mass for Hydrogen burning (MMHB) to
the modified gravity parameter, Υ, with Υ = 0 giving the results of standard gravity. In this paper, θ(ξ) was
computed near to the center ξ = 0 and the resulting solution used for the analysis, which made it analytically
tractable. We will not do such an approximation here, and resort to a full numerical analysis.
We will use here [31] the equation of state for the pressure P ,
P = Kρ5/3 , K =
(3pi2)2/3~2
5mem
5/3
p µ
5/3
e
(
1 +
α
η
)
, (22)
where the degeneracy parameter η is defined by
η =
(3pi2)2/3~2
2mem
2/3
p kBµ
2/3
e
ρ2/3
T
, (23)
with T being the temperature, ρ the density, and me and mp are the masses of the electron and proton,
respectively. Also, we use α = 5µe/(2µ), where µ is the mean molecular weight of ionized Hydrogen/Helium
mixture, and µe is the number of baryons per electron. For H relative abundance = 0.75, and He relative
abundance = 0.25, µe = 1.143 and µ = 0.593.
Following the standard treatment given in [31], it can be checked that the expression for the luminosity
due to Hydrogen burning is given, after some straightforward algebra, by
LHB =
5.74505× 107M−111.9733ω1δ5.48667η10.15
, ω0γ
16.46(α+ η)16.46 (24)
where the following definitions have been used :
ω0 =
∫ ξR
0
ξ2θ(ξ)ndξ , ω1 =
∫ ξR
0
ξ2θ(ξ)9.73dξ , δ =
ξ3
3ω0
, γ =
[
5
√
10ω0
16pi
]2/3
ξR , M−1 =
M
0.1M
. (25)
Similarly, the luminosity at the photosphere is given by
Le =
0.5256L
(
1 + Υ2
)1.1831
M−11.30516
γ0.366197η3.98592(α+ η)0.366197
. (26)
The final expression for Mmmhb that we find is
Mmmhb = 0.1M
0.176393
(
1 + Υ2
)0.1109
ω0.09373650 γ
1.50858(α+ η)1.50858
ω0.09373651 δ
0.514301η1.32505
. (27)
This quantity is plotted for the minimum value of the combination of α and η that appears in eq.(27) (given
by the numerical value 2.34) as a function of Υ for different τ values in fig.(10), with the τ dependence arising
out of the solution to the Lane-Emden equation, via ω0 and ω1 in eq.(25).
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Figure 10: Minimum mass of Hydrogen burning in low mass stars as a function of Υ for different τ , with
Γ = 5/3.
Note that our expression for the MMHB does not match with the one given in [3] (there appears to be
some typographical errors in that paper), although for τ = 0, we do obtain the upper bound mentioned in
that paper (Υ ≤ 1.6) which is the maximum value of Υ in fig.(10). This is obtained from the known fact that
the lowest mass M-dwarf observed has M ∼ 0.093M [32], which is also indicated in the figure. Although
fig.(10) might seem to indicate that with negative values of τ , ST theories that are ruled out in the isotropic
case might continue to be valid in the presence of anisotropy, the fact that such aniotropy can be very small
in M-dwarf stars might make this statement somewhat less significant and only of theoretical interest.
However, we can make the following observation. First note that for Υ = τ = 0, our expression is also
close to the result Mmmhb ' 0.075M [33], [34] as obtained from a GR computation. Now, it is generally
believed that Mmmhb should lie between 0.075−0.08M. Hence, from fig.(10), we get for τ ∼ 0, a lower bound
Υ & −0.12 (indicated by the dashed vertical line) in order to rule out values of the MMHB below 0.075M in
the isotropic case. This is close to (but stronger than) the bound Υ & −0.18 obtained for the isotropic case
by Jain et. al. in [4] from white dwarf scenarios.
6 Conclusions
In this paper, we have carried out a comprehensive analysis of equilibrium in stellar matter in scalar-tensor
gravity, in the presence of anisotropy. We have argued that such anisotropy can modify the stellar physics
in a non-trivial way. In the presence of anisotropy we first presented an algebraic analysis appropriate for
the physics near the stellar core. Later, we solved the Lane-Emden equations numerically to arrive at results
concerning the mass of the star, and finally revisited the issue of the minimum mass for hydrogen burning in
low mass stars. The main findings of this paper are now summarized.
1) We have shown that in the presence of even a small amount of anisotropy, the bound [2] on the ST theory
parameter Υ is modified. That the bound on Υ is dependent on the equation of state is also shown. Impor-
tantly, this modification leads to an upper bound for Υ (as a function of the anisotropy) in theories where the
polytropic index is Γ = 4/3, as is typical for relativistic degenerate electrons in white dwarf stars.
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2) We have seen that for white dwarf stars, ST theories can predict substantially higher values of the Chan-
drasekhar mass, even without the assumption of extreme magnetic fields in the interior, and that this can
increase even further and in a non-linear fashion with the introduction of anisotropy.
3) In the presence of strong magnetic fields, under the assumption that only the first Landau level is occupied,
and consequently a modified equation of state with Γ = 2 should be used, ST theories predict a decrease of
the Chandrasekhar mass as Υ is increased.
4) In M-dwarf stars, we show how anisotropy can alter the prediction of the minimum mass of Hydrogen
burning. We show that in the isotropic case, the constraint on the MMHB in M-dwarfs can put a lower bound
on Υ. This is close to, but stronger than the one proposed in [4] who arrived at this lower bound via a white
dwarf scenario.
As we have pointed out, the main caveat of our analysis is the assumption of approximate spherical
symmetry, which prevents us from considering large anisotropies. We have restricted to a particular model of
anisotropy due to [23], where we have considered the difference between the tangential and radial pressures
to be much smaller than the core pressure. A (numerical) analysis where such restrictions are not imposed
would be substantially more complicated from the simple minded one presented here, and we hope to report
on this in the near future.
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